Abstract-We have studied numerically and experimentally the magnetic flux penetration in highsuperconducting tube subjected to a uniform magnetic field parallel to its long axis. This study is carried in view of designing low-frequency magnetic shields by exploiting the diamagnetic properties of high-superconducting ceramics. We have measured the field attenuation for applied magnetic fields in the frequency range 5 mHz-0.1 Hz by Hall probe measurements and at audio frequencies using a sensing coil. A simple 1D analysis using the Kim critical state model was found to be able to reproduce the experimental data satisfactorily. We have also determined the phase shift between the internal and the applied field both experimentally and numerically. Finally, we have studied the sweep rate dependence of the magnetic shielding properties, using data recorded either at several constant sweep rates d d or at several AC fields of various amplitudes and frequencies. Both methods agree with each other and lead to a -value of the n law equal to 40 at 77 K.
D
UE to their ability to expel magnetic flux, superconducting materials have a significant potential to act as efficient magnetic shields [1] - [9] . The advantage of superconductors over traditional approaches is essentially marked at very low frequencies , where the magnetic shielding properties of non-magnetic metallic materials -exploiting the skin effect-become inefficient. If low temperatures are allowed by the application (e.g. cooling with liquid nitrogen at 77 K), high-temperature superconductors (HTS) can compete with soft ferromagnetic materials, both in terms of shielding factor (ratio of the applied field over the magnetic field inside the shield) and of threshold induction , i.e. the maximum induction that can be strongly attenuated by the shield [1] , [2] . Manuscript A number of results can be found in the literature on the magnetic shielding properties of bulk polycrystalline tubes [5] , [6] , [8] . In our previous work in particular [1] , [2] , we have studied the magnetic shielding of a Bi-2223 polycrystalline tube subjected to an axial field. Experimental data have been confronted with a computer modeling based on the numerical model developed by Brandt [10] . In the present work, we aim at extending this set of investigations through carrying out magnetic shielding measurements in various experimental configurations ("DC" and "AC" regimes). In particular we will compare results obtained for several sweep rates of the applied DC field and several frequencies of the applied AC field . The parameters extracted from the measurements will be used to determine precisely the amplitude first harmonic of the internal magnetic field (i.e. inside the superconducting tube) and its phase-lag with respect to the applied magnetic field. We will examine the validity of a simple Bean-Kim model to analyse the data and we will verify the existence of scaling laws.
II. EXPERIMENT
The studied sample is a 8 cm long commercial Pb-doped Bi-2223 polycrystalline cylinder from CAN Superconductors (CST-12/80). The inner diameter of the tube is 12 mm and the thickness of the wall is 1.6 mm. All measurements are carried out at and the sample is always cooled down in zero field. Two experimental setups are used for characterizing the magnetic shielding properties of the tube.
In the first setup, a high sensitivity Hall probe (Arepoc HHP-MP) is used to measure the axial magnetic induction inside the superconducting tube. The sensor dimensions are . The Hall probe voltage is connected at the input of an instrumentation amplifier with a 30 Hz filter stage prior to being digitized by a National Instrument Data Acquisition Card (DAQ). An axial DC applied magnetic field up to 36 mT is generated by a solenoidal magnet connected to a HP6030A DC power supply connected to a computer-controlled switch for double-polarity operation. A Labview interface allows us to apply well-definite applied field vs. time waveforms. In the present work, triangular and sinusoidal waveforms are used with frequencies ranging from 2.5 mHz to 0.1 Hz. The whole setup is placed inside a mu-metal ferromagnetic enclosure in order to provide a shielding of the external magnetic fields (including Earth's field).
In a second setup, an axial AC applied magnetic field is generated by a long solenoid connected to an AC multifunction synthesizer (HP8904A) followed by an audio D-class amplifier (Crown XTi 2000). A LC low-pass filter is placed at the output of the amplifier to reject the high frequency parasitic signals generated by the amplifier itself. The measurements are performed in the frequency range 27-507 Hz. The maximum applied magnetic induction is 40 mT (RMS) at 27 Hz and 14.5 mT (RMS) at 507 Hz. The magnetic field inside the superconducting tube is probed with a miniature coil (800 turns-5 mm length) wound on a 5 mm diameter Pyrex rod. The induced electro-motive force (e.m.f.) is applied to a EG&G 7260 Lock-In Amplifier sensitive to the 1st harmonic of the signal. For all the applied magnetic fields, the amplitude of the reference signal is adjusted exactly to 1 V RMS in order to minimize the phase shift caused by the Lock-In Amplifier itself. The minimum magnetic induction that can be detected with this setup is around 1 nT at 103 Hz.
III. RESULTS AND DISCUSSION

A. Hysteresis and Determination of Parameters
Using the setup based on Hall probe measurements, a very low frequency sinusoidal magnetic field is applied to the tube. The internal magnetic flux density vs. time is sampled at high rate with the DAQ. The data are used to determine as a function of . The as-obtained hysteresis cycle for an amplitude amplitude and a frequency is shown in Fig. 1 . At low increasing fields starting from , the magnetic shielding is effective and the internal induction is below the sensitivity of our experimental setup up to some threshold value . Above , the shielding currents cannot prevent the magnetic field from entering in the internal volume of the cylinder and the internal induction increases up to some value . On reversal of the applied magnetic field starting from the maximum value , the internal magnetic flux density remains constant until a value that is called is reached and then it follows hysteretic curve similar to what can be expected for an irreversible type-II superconductor [1] , [2] , [6] .
In the case of a cylinder of finite length, the applied magnetic field can penetrate inside the volume of the tube using two routes: from the external surface of the cylinder and from the opening ends. A previous 2D computer modeling of the magnetic field distribution [1] on a cylinder of the same geometry using the model based on the Brandt algorithm [10] has shown that the behavior of the internal field measured at the centre of the tube is mainly dictated by the penetration from the external surface of the tube and not from the open ends. Such behavior is due to the relatively large aspect ratio (length over radius ratio) of the studied sample. It is therefore of interest to model the superconducting properties shown in Fig. 1 using a simple analytical 1D model [11] . We assume an infinite cylinder characterized by a following the Kim law [12] : . Using this model for a superconducting tube of thickness , the parameters and can be analytically expressed as a function of , and through the relations
It is therefore possible to extract the and parameters-i.e. the whole -from the measured values of and using the relations
The analytical model predicts that the internal flux density in the decreasing branch should be equal to . In practice, a small difference exists ( and ) . The values used for extracting and parameters correspond to the mean of measured and values. The resulting simulation curve simulated with and is plotted as a straight line in the Fig. 1 : the agreement between the simulation and the measured data is very satisfactory. The method mentioned above does not require curve fitting and allows to extract the parameters in a simple manner.
The inset of the Fig. 1 shows the time evolution of both the applied and the internal magnetic fields. The non-linear and hysteretic behavior shown in Fig. 1 translates into a distorted waveform. The first harmonic displays a phase-lag with respect to . This phase-lag is analyzed in the following paragraphs.
Contrarily to the results that could be obtained using a power-law model [1] , [2] , [6] , [10] , the Bean model does not predict any frequency dependence of the measured signals. In practice however, vs. measured curves are slightly frequency-dependent. We use (3) and (4) to extract the pair of parameters and from measurements carried out at several frequencies ranging between 5 mHz and 0.1 Hz.
With these parameters determined for each frequency, we calculate analytically the curves for several applied field amplitudes . The amplitude, , and the phase shift, , of its first harmonic of the internal field can be determined, and results compared to experimental data. Results are plotted in and 50 mHz. The lines represent the curves obtained by simulations using and calculated from experimental hysteretic loop at these frequencies for . The symbols represent the amplitude and the phase shift of the first harmonic determined from experimental data at these frequencies and different maximum amplitudes between 10 and 26 mT.
At amplitudes smaller than , the amplitude and the phase shift cannot be calculated analytically because the model predicts a perfect shielding , unlike modeled data using a power-law for as in [6] . Nevertheless, at applied fields below , the internal magnetic field is experimentally measurable and the results are plotted in Fig. 2 . For , the agreement between measurements and calculation results is very satisfactory in the investigated frequency range. Therefore a simple 1D analysis using the Bean-Kim model seems to be appropriated for determining the characteristics from experimental data and to predict the magnetic behavior of the tube.
B. Flux Creep Effects and Determination of
The analysis carried out above does not allow us to analyse the sweep rate dependence of the magnetic properties due to flux creep effects. In this section we aim at using the experimental data for determining the -value of the power law . We have therefore measured the threshold induction for different sweep rates . In our experiment, the applied magnetic field is ramped linearly up to 30 mT at constant sweep rates ranging between 0.02 mT/s and 20 mT/s. In view of an unambiguous determination of for each sweep rate, we define as the applied magnetic induction above which the dimensionless shielding factor, SF (ratio of the applied over the internal magnetic field) becomes smaller than 100.
The results of the dependence with respect to are shown in Fig. 3 . Note that a log-log scale is used. In order to facilitate further interpretation, the graph axes are reversed and show vs.
. In these axes, measurements data points are aligned and we can thus reasonably infer a power law dependence. This result can be understood as follows. For an infinite cylinder of external radius subjected to a timevarying magnetic field, the average electric field is given by [13] . The value of " " corresponds to a full penetration of the magnetic flux in the cylindrical sample wall, and is therefore proportional to the average current density flowing in the sample. Since and , it follows that the exponent of the vs. power law should correspond to the value of . By fitting our measurements, we find . This value is substantially higher than those reported elsewhere on Bi-2223 materials [14] - [16] . We explain it by considering the fact that the non-textured polycrystalline Bi-2223 materials studied here displays a strongly field-dependent . If we approximate this dependence by a power-law:
in the range of magnetic fields used, we find a -value of 0.65. For a material characterized by a power-law:
and a field dependent , the field dependence affects the magnetic relaxation in such a way that the magnetic properties are equivalent to those of a material characterized by a constant , and with an apparent exponent given by [14] . Taking and , we find , which is in agreement with values reported in the literature [1] , [14] - [16] .
The sensing coil based experimental set-up based is used to measure the shielding properties with AC fields at audio frequencies , in order to extend the range of sweep rates and to see whether the power-law behavior mentioned above still holds true. In view of comparing the AC data with those obtained with the field ramped at a constant sweep rate, we take as an average the maximum applied flux density divided by the quarter of the period, i.e.
. As can be seen in Fig. 3 , the measurements at 27 Hz, 207 Hz and 507 Hz are in good agreement with the previously obtained dependence represented by a plain line.
Another way of determining the exponent from measurements is to use scaling laws [1] , [2] , [10] , [17] . The AC susceptibility [17] and hence the shielding factor SF measured for several combinations of , and should be a factor of a single variable . On Fig. 4 , several data sets obtained with various ranging between 14.2 and 33.6 mT and between 2.5 and 100 mHz are plotted with respect to the this single variable using a -value of 40 as it has been determined on the fit presented on Fig. 3 . It can be seen that all the experimental data points scale on a single curve. This result shows that the -value can also be determined from SF of the tube measured at sinusoidal applied fields at several frequencies/amplitudes and that the results agree with those obtained with applied fields ramped linearly (i.e. at constant .
IV. CONCLUSION
The shielding properties of a bulk polycrystalline Bi-2223 tube in axial magnetic field configuration have been investigated both experimentally with two different experimental setups and numerically by using a simple Bean-Kim model. This model allowed us to extract intrinsic parameters of the dependence from experimental hysteresis curve and to use them to numerically compute the amplitude and phase of the first harmonic of the internal magnetic field. The agreement between simulations and experimental results was found to be very good.
The dependence on the sweep rate of the magnetic field was studied and the results showed power law dependence with an exponent of 40.5. This exponent can be related to the non linearity of the electrical field by considering the Maxwell laws and the Bean model. The value of this exponent is higher than those reported in the literature but can be explained by the strong field dependence of the critical current density. The power law leading to scaling laws that has been verified by plotting a large number of results for several and .
